
29 The AdS/CFT Correspondence

29.1 Waves on AdS5

The conjectured corespondence is

〈exp
∫
d4xφ0(x)O(x)〉CFT = Zstring

[
z∆−4φ(x, z)|z=0 = φ0(x)

]
. (29.1)

For large N and g2N ,

Zstring ≈ e−Ssugra (29.2)

Consider a massive scalar on AdS5:

S =
1
2

∫
d4xdz

√
g(gµν∂µφ∂νφ+m2φ2) (29.3)

Using the metric

ds2 =
R2

z2
(dz2 +

4∑
i=1

dxidxi) (29.4)

and assuming a factorized solution of the form

φ(x, z) = eip.xf(pz) (29.5)

we find

z5∂z

(
1
z3
∂zf

)
− z2p2f −m2R2f = 0 (29.6)

Writing y = pz the solutions are

f(y) =

{
y2I∆−2(y) ∼ y∆, as y → 0
y2K∆−2(y) ∼ y4−∆, as y → 0

(29.7)

where

∆ = 2 +
√

4 +m2R2 (29.8)

and I∆−2(y) and K∆−2(y) are modified Bessel functions. I∆−2(y) blows up
as y → 0 so it does not correspond to a finite action. If we apply a scaling
transformation

x→ x

ρ
(29.9)

p→ ρp (29.10)
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then

φ(x, z) → ρ4−∆eip.xf(pz) (29.11)

so we see this solution has conformal weight 4 − ∆, so the CFT operator
that it couples to on the boundary must have dimension ∆.

Using a δ function source on the boundary rather than a plane wave one
finds

φ(x, z) = c

∫
d4x′

z∆

(z2 + |x− x′|2)∆
φ0(x′) (29.12)

which scales as z4−∆φ0(x) for small z. We also have for small z:

∂zφ(x, z) = c∆
∫
d4x′

z∆−1

|x− x′|2∆
φ0(x′) +O(z∆+1) (29.13)

Integrating the action by parts, and using the equation of motion, yields:

S =
1
2

∫
d4xdz ∂5

(
r3

z3
φ∂5φ

)

=
c∆R3

2

∫
d4xd4x′

φ0(x)φ0(x′)
|x− x′|2∆

(29.14)

so

〈O(x)O(x′)〉 =
δ2S

δφ0(x) δφ0(x′)

=
c∆R3

|x− x′|2∆
(29.15)

as expected for an operator of dimension ∆ in a conformal theory.
In AdSd+1 one always finds dimensions related to masses:

scalars : ∆± = 1
2(d±

√
d2 + 4m2R2)

vectors : ∆± = 1
2(d±

√
(d− 2)2 + 4m2R2)

p forms : ∆± = 1
2(d±

√
(d− 2p)2 + 4m2R2)

massless spin 2 : ∆ = d
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The relation between mass in AdSd+1 and operator dimensions in the bound-
ary CFT is expected to hold for stringy states as well

m ∼ 1
ls
↔ ∆ ∼ (g2N)

1
4 (29.16)

m ∼ 1
lPl

↔ ∆ ∼ N
1
4 (29.17)

which for large N and large g2N correspond to very large dimension oper-
ators which we neglect in the supergravity approximation.

29.2 Spectrum of Operators in the CFT

We are mainly interested in chiral primary operators. Recall that the di-
mensions of chiral operators can be calculated from their R charge. Primary
operators are those which are annihilated by superconformal lowering oper-
ators Sα and Kµ, they are the lowest dimension operators in the supercon-
formal multiplet, other operators (descendant operators) can be obtained by
acting with superconformal raising operators Qα and Pµ. A few examples
of chiral primary operators are (using N = 1 and N = 0 language):

• Tr(ΦI1 ...ΦIk) when symmetrized traceless in the SU(4)R indices Ik.
These operators transform under SU(4)R as (0, k, 0) (e.g. 20′, 50,
. . .) and have dimension ∆ = k.

• Tr(WαW
αΦI1 ...ΦIk) where Wα is the field strength chiral superfield.

They transform under SU(4)R as (0, k, 2) (e.g. 10, 45, . . .) and have
dimension ∆ = k + 3.

• TrφkF 2 + ... They transform under SU(4)R as (0, k, 0) (e.g. 1, 1, 20′,
. . .) and have dimension ∆ = k + 4.

• Jµ
R the R charge current transforms as a 15 and has dimension ∆ = 3

• Tµν the stress-energy tensor transforms as a 1 and has dimension
∆ = 4

29.3 Type IIB String theory on AdS5 × S5

The spectrum of Kaluza-Klein harmonics of supergravity on AdS5×S5 is de-
rived by examining the Kaluza-Klein (spherical) harmonics on S5, which fall
into irreducible representations of SU(4) ∼ SO(6), with masses determined
by their SU(4) quantum numbers. Low mass representations include
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• a spin-2 family with m2R2 = k(k + 4), k ≥ 0, which tranform under
SU(4) as (0, k, 0), (e.g. 1,6,20′, ...). k = 0 corresponds to the graviton
which couples to the stress-energy tensor

• a spin-1 family with m2R2 = (k − 1)(k + 1), k ≥ 1, which tranform
under SU(4) as (1, k− 1, 1) (e.g. 15,64,175, ...). k = 1 correspond to
the gauge bosons of SU(4) and couple to the R current.

• a spin-0 family with m2 = k(k − 4), k ≥ 2, labeled by (0, k, 0)
(20′,50,105, ...). They couple to Tr(Φ11 ...Φik)

• a complex spin-0 family with m2 = (k − 1)(k + 3), k ≥ 0 labeled by
(0, k, 2) ( 10,45,126, ...). They couple to Tr(WαW

αΦ11 ...Φik).

• a complex spin-0 family with m2 = k(k+4), k ≥ 0, labeled by (0, k, 0)
(1,6,20′, ...). They couple to TrφkF 2 + ... where a is The massless
(k = 0) mode is the dilaton which couples to TrF 2.

The graviton, the massless gauge bosons, and the scalars in the above
three families in the representations 20′,10,1 of SU(4) are in the same
multiplet.

The lowest states of the these KK families correspond to bosons in the
gauged N = 8 supergravity theory:

helicity SU(4) ⊂ Sp(8) d.o.f.

gµν ±2 1 2
ψI

µα ±3
2 + 4 + 4

AIJ
µ ±1 + + 6 + 6 + 15

χIJK ±1
2 + + + 4 + 4 + 20 + 20

φIJKL 0 1 + 1 + + + 2 + 10 + 10 + 20
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